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SUMMARY 
A semi-analytical procedure for natural vibration analysis of a simply supported toroidal shell 
segment is presented. The segment is closed in the circumferential direction and open in the 
meridional direction. The open edges are assumed to be simply supported. The segment therefore 
roughly resembles the geometry of a rotating tyre. The energy approach is used assuming shell 
displacements in the form of Fourier series in both circumferential and meridional directions. In 
the circumferential direction only one term of the Fourier series is necessary to describe exactly 
each vibration mode. In the meridional direction a relatively small number of Fourier series terms 
is necessary to achieve convergence. Tensional forces induced by the pressure and centrifugal 
loads are also determined by the energy approach. The application of the proposed procedure is 
illustrated by a numerical example. The increase in the internal pressure increases values of 
natural frequencies, whereas the shell rotation causes their bifurcation and the occurrence of 
travelling modes. In order to validate the method, the obtained results are compared with those 
determined by the finite strip method and by the finite element method. 
KEY WORDS: toroidal shell; internal pressure; centrifugal load; natural vibration; Rayleigh-
Ritz method. 
1. INTRODUCTION The theory of toroidal shell vibration is rather complicated due to the double curvature associated with the toroidal geometry [1, 2, 3]. Partial differential equations of motion can be derived directly, considering the equilibrium of sectional forces, inertial forces and external loads on an infinitesimal shell element. The equations can also be derived indirectly from the strain and kinetic energies of the complete shell, employing Hamilton's principle. However, 
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due to the variable coefficients involved, it is not possible to obtain a closed form analytical solution. Therefore, numerical methods are ordinarily used, e.g. the finite element method (FEM) [4, 5, 6]. Nowadays, vibration analysis of pre-stressed and rotating shells of revolution is becoming more and more relevant [7]. Such problems are found in engineering practice in rotor systems of gas turbine engines, high-speed centrifugal separators, rotating satellite structures, automotive tyres etc. [8, 9]. Rotation makes dynamic behaviour of this type of structures significantly more complex due to bifurcation of natural frequencies and travelling natural modes [3]. Rotation speed is limited since it may imperil integrity of dynamic systems. In case of complicated shell geometries, numerical methods like the FEM are, nowadays, normally used. However, analytical or semi-analytical methods offer a more transparent interpretation of results, save computational time, may increase accuracy and can be served as benchmarks for evaluation of numerical results.  Free vibration problem of rotating and pressurized closed toroidal shells has been solved by Rayleigh-Ritz method, by employing Fourier series [10]. In case of a closed toroidal shell, the variation of displacements in the circumferential direction can be described by Fourier series with only one term per vibration mode, whereas in the meridional direction it has been found that a relatively small number of terms is necessary to achieve good convergence [10]. Also, for an open toroidal shell, the finite strip method (FSM) has been applied, using a sophisticated toroidal finite strip which takes into account the effects of rotation and internal pressure [11, 12]. Additionally, special waveguide finite elements have been developed [13, 14]. As a result, a 3D problem can be reduced to a 2D problem, with significant computational time savings. In this paper, a semi-analytical procedure for vibration analysis of a simply supported toroidal shell open in the meridional direction is given. The open edges are assumed to be simply supported. This geometry roughly approximates a rotating automotive tyre mounted onto a stiff wheel. The displacement field in both circumferential and meridional directions is assumed in the form of Fourier series. The Rayleigh-Ritz method is used. Tensional forces due to the internal pressure and the centrifugal load are determined in the same manner. The obtained results are compared with those determined by FSM and FEM. 
2. STRAIN AND KINETIC ENERGY OF ROTATING TOROIDAL SHELL The basic expressions for tensional and bending strain-displacement relationship of a toroidal shell are derived [10], using the general expressions of the shell theory. In this reference, vibration analysis of a toroidal shell with closed cross-section is performed by the Rayleigh-Ritz method and Fourier series. The strain energy is specified for large deformations and decomposed into a linear and a non-linear part. The non-linear part is also linearized afterwards. The kinetic energy is formulated taking into account a constant speed of rotation of the shell around its axis of symmetry. These are the starting equations for the subsequent vibration analysis of the toroidal shell segment in this paper. An open toroidal shell with geometric parameters and displacement components is shown in Figure 1. The tensional displacement components in the meridional direction u, and the circumferential direction v, as well as the (bending) deflection w, are assumed in the following form: 
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where functions ( )U ϑ , ( )V ϑ  and ( )W ϑ  are the mode shape profiles in the meridional direction, and ω is the natural frequency. The argument nφ+ωt is used in order to describe travelling modes which normally appear due to shell rotation and n is the circumferential mode number.  
 
Fig. 1  Simply supported toroidal shell, main dimensions and displacements Substituting expressions (1) into the corresponding formula for the strain energy from [10], and integrating in the circumferential direction, in the domain 0≤φ≤2π, one obtains: 
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where ( )ip ϑ , i = 1, 2...9 and ( )jq ϑ , j = 1, 2...16 are variable coefficients specified in Appendix A. The primes designate spatial derivatives with respect to the meridional coordinate ϑ . In a similar way, using the general formulation for the strain energy due to pre-stressing [10], yields: 
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where ( )ic ϑ , i = 1, 2...11 are variable coefficients specified in Appendix B. The kinetic energy is presented in the form [10]: 
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where ρ is the mass density, h is the shell thickness, a and r = R + acosϑ  are cross-sectional and circumferential radii, respectively, and Ω  is the angular velocity of the shell rotation, Figure 1. All the three energy parts, Eqs. (2), (3) and (4) are time-invariant as a result of rotating modes having fixed circumferential profiles. For more details see, for instance [7, 10]. 
3. SIMPLY SUPPORTED TOROIDAL SHELL SEGMENT 
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are arguments of the trigonometric functions and Am, Bm, Cm, Dm, Em and Fm are the unknown Fourier coefficients. Displacements (5) can be presented in the matrix notation as: 
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where ( )ip ϑ , i = 1, 2...9 and ( )jq ϑ , j = 1, 2...16 are variable coefficients depending on the meridional coordinate ϑ , which are specified in Appendix A. Submatrices [ ]ik , whose elements are products of sine and cosine functions or their derivatives per ϑ , are listed in Appendix C. The system of three matrix equations (9) can be presented in a condensed form: 
 
{ } [ ]{ }







 { }T m m m m m mδ δ A B C D E F= =  (11) is the vector of Fourier coefficients, and: 
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∫  (13) 
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where variable coefficients ic ( ), i 1, 2...11ϑ =  are specified in Appendix B, and submatrices [ ]ik  are given in Appendix C. The system of three matrix equations (13) can be presented in a condensed form following the layout of Eq. (10): 
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is the geometric stiffness matrix. Submatrices [ ]ijG , i , j 1,2 ,3= , now represent the integrals in Eqs. (13). Tensional forces Nϑ  and Nϕ  are absorbed in coefficients ( )ic ϑ , Eqs. (B1), and both occur due to the internal pressure and the centrifugal load. Accordingly, the geometric stiffness matrix can be split into two matrices, i.e. one which is due to the internal pressure and the other related to the centrifugal forces, i.e. 
 [ ] [ ] [ ]2pG p G G .= + ΩΩ  (16) 
3.4. MASS MATRICES Mass matrices are derived from the kinetic energy, Eq. (4). By substituting expressions (7) into (4), and differentiating the kinetic energy per Fourier coefficients, one obtains the following system of algebraic equations:  
{ }
{ }





























2αω r sin k d
D
E












⎧ ⎫⎪ ⎪ ⎪ ⎪∂ = +⎨ ⎬ ⎨ ⎬
⎪ ⎪⎪ ⎪ ⎩ ⎭∂⎩ ⎭
⎧ ⎫⎪ ⎪− ⎨ ⎬
⎪ ⎪⎩ ⎭








I. Senjanović, N. Alujević, I. Ćatipović, D. Čakmak, N. Vladimir, D-S Cho: Natural vibration analysis of pressurised and rotating 
toroidal shell segment by Rayleigh-Ritz method 






















































α(ω ) r k d
D
E




























⎧ ⎫⎪ ⎪ ⎪ ⎪∂ =−⎨ ⎬ ⎨ ⎬
⎪ ⎪⎪ ⎪ ⎩ ⎭∂⎩ ⎭
⎧ ⎫⎪ ⎪+ + ⎨ ⎬
⎪ ⎪⎩ ⎭
⎧ ⎫⎪ ⎪+ ⎨ ⎬
⎪ ⎪⎩ ⎭
∂⎧ ⎫
⎧ ⎫⎪ ⎪ ⎪ ⎪∂ =−⎨ ⎬ ⎨ ⎬



































 (17) where α πρha= . The three matrix Eqs. (17) can be represented in the form: 
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are mass matrices related to the centrifugal force 2( )Ω , Coriolis force (ω )Ω , and the ordinary inertia force 2(ω ) . Submatrices [ ] [ ]ij ijB , C  and [ ]ijM , i , j 1,2 ,3=  are specified in Appendix D. They all depend on the symmetric matrix [ ]2k , Appendix C. Therefore, all mass matrices (19) are symmetric. 
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4. MATRIX EQUATION OF MOTION If a linear conservative dynamic system vibrates at its natural frequency, then it interchanges vibration energy from a purely potential state with the maximum strain energy, smaxE , to a purely kinetic state where the kinetic energy is maximum, kmaxE . Hence, the difference of the maximum energies, smax k maxE EΠ = − , equals zero. If these energies are determined for approximated mode shapes, then the difference Π  is not zero. However, for a successful approximation of the true mode shape it should be as close to zero as possible. In the considered case of a rotating toroidal shell the balance of energies reads: 
 S G kE E E .Π = + −  (20) All the terms on the right hand side are time-invariant due to the fact that fixed mode profiles rotate around the axis of symmetry of the torus [10]. Natural frequency is in fact the speed of this rotation. Then the integration over the circumferential coordinate eliminates temporal variations since it is irrelevant how the mode profile is positioned with reference to ϕ = 0. Nevertheless, each particle on the shell still undergoes motions where minima and maxima of the displacement and velocity are interchanged. If the modes are determined approximately with truncated series, the governing equation of motion can still be obtained from the minimum total energy principle [15, 10]: 
 
{ } { } { } { } { }
S G kE E E 0 .
δ δ δ δ
Π ∂ ∂ ∂∂
= + − =
∂ ∂ ∂ ∂
 (21) 
Taking into account relations (10), (14) with (16), and (18) respectively, one obtains the following matrix equation of natural vibrations: 
 [ ] [ ] [ ] [ ]( ) [ ] [ ]( ){ } { }2 2pK p G G B ω C ω M δ 0 .+ + − − − =ΩΩ Ω  (22) The matrix [C] multiplying the mixed ωΩ  term, which results from the Coriolis term in the kinetic energy expression (4), is the only one causing a bifurcation of natural frequencies. The geometric stiffness matrix [ ]G Ω  and the mass matrix [ ]B  are related to the centrifugal force with stiffening and softening effect respectively. The former is dominant with respect to the latter and, by increasing the rotational speed, the arithmetic mean of a bifurcated natural frequency is increased. Since the considered toroidal shell is symmetric, Figure 1, the eigenvalue problem, Eq. (22), can be solved separately for the symmetric and antisymmetric natural modes. In the first case the vector of Fourier coefficients, Eq. (11), is reduced to: 
 { }T m m msδ B C E=  (23) while in the second case: 
 { }T m m maδ A D F .=  (24) Consequently, the corresponding rows and columns in the matrix equation (22) are excluded. 
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5. ILLUSTRATIVE EXAMPLE The vibration analysis of an open simply supported toroidal shell segment shown in Figure 1 is carried out next. The shell geometric and physical properties are the following: R = 1 m, 
a = 0.4 m, h = 0.01 m, E = 2.1∙1011 N/m2, ν = 0.3, and ρ = 7850 kg/m3. The shell central angle in the meridional plane is 0 3π / 4ϑ = ± . The first six natural frequencies are listed in Table 1 and compared with those determined by the finite strip method (FSM) [12], and the finite element method (FEM) by employing two commercial software packages with different shell finite elements [16, 17]. If the present rigorous Rayleigh-Ritz results are used as the referent ones, discrepancies of the FSM and FEM results are within 1%. 
Table 1  Natural frequencies of simply supported toroidal shell, ω  [Hz], R = 1 m, a = 0.4 m, h = 0.01 m, 













1  0  Asym.  47.64  47.98  47.62  47.70 
2  1  Asym.  173.84  173.94  173.80  173.91 
3  1  Sym.  383.35  383.30  383.19  384.81 
4  2  Asym.  416.75  416.63  416.44  417.71 
5  0  Sym.  429.79  429.67  429.49  431.24 
6  2  Sym.  447.58  447.38  447.09  450.68  The isometric view and orthogonal projections of the first six natural modes generated by ABAQUS are shown in Figures 2 and 3, respectively. Displacement components of the shell cross-section determined by RRM are shown in Figure 4. Displacements U and W are symmetric while V is antisymmetric, with respect to the y-z plane, for modes 3, 5 and 6, resulting with symmetric modes. In case of modes 1, 2 and 4, displacements U and W are antisymmetric and V is symmetric, so that the modes are antisymmetric. This is indicated in Table 1. Natural modes determined by RRM and FEM are very similar. In order to analyse the influence of the internal pressure on natural vibrations, the tensional forces are determined according to the procedure presented in Appendix E. Diagrams of tensional forces N1 and N2 due to pressure of 100 bar are shown in Figure 5 as functions of the meridional angle, ϑ . Both forces are of the same order of magnitude. Deformation of the shell cross-section is shown in Figure 6. Variation of natural frequencies due to the variation of the internal pressure is shown in Figure 7. The FSM and FEM results are almost the same as the presented RRM results. Tensional forces N1 and N2 due to the centrifugal load determined by the procedure presented in Appendix E for rotational speed of 50 rad/s are shown in Figure 8. The circumferential force, 
N2, is much higher than the meridional force N1. Their values determined by FSM and FEM are very close to the RRM results shown in Figure 8. Deformation of the shell cross-section is shown in Figure 9. 
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Diagrams of natural frequencies for the circumferential wave number n = 0, ±1 and ±2, where the sign designates the forward and backward travelling modes, are shown in Figures 10, 11 and 12 respectively, as functions of the dimensionless rotation speed. The problem is also solved by FSM and FEM. In the former case, the values of natural frequencies are very close to those of RRM, whereas FEM results show some discrepancies. The CPU time in the performed vibration analysis by three methods, Table 1, is about 7 s for RRM, 15 s for FSM, 70 s for FEM (CATIA) and 60 s for FEM (ABAQUS). Hence, the time saving by applying the proposed Rayleigh-Ritz method is considerable when compared to FEM analyses.  
   
Mode 1, n = 0  Mode 2, n = 1 Mode 3, n = 1 
   
Mode 4, n = 2  Mode 5, n = 0 Mode 6, n = 2 
Fig. 2  Natural modes of simply supported toroidal shell (ABAQUS) 
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Fig. 3  Natural modes of simply supported toroidal shell in the orthogonal planes (ABAQUS) 
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Fig. 4  Cross-section displacements of simply supported toroidal shell: – · – U, - - - V, ––– W 
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Fig. 6  Deformation of shell cross-section due to internal pressure of 100 bar  
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Fig. 8  Tensional forces of rotating toroidal shell, Ω = 50 rad/s 
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Fig. 10  Natural frequencies of rotating shell, n = 0, ––– RRM, - - - FEM 
 
Fig. 11  Natural frequencies of rotating shell, n = ±1, ––– RRM, - - - FEM 
 
Fig. 12  Natural frequencies of rotating shell, n = ±2, ––– RRM, - - - FEM 
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6. CONCLUSION A semi-analytical procedure for natural vibration analysis of simply supported toroidal shell segment by the Rayleigh-Ritz method and Fourier series is presented. The ordinary stiffness matrix, geometric stiffness matrix and three mass matrices, related to the pressure and centrifugal loads, Coriolis force and inertia load, all depend on a large number of variable coefficients and submatrices. In spite of this complexity, the procedure is presented in a consistent and physically transparent way, which is also easy for coding. The quadratic eigenvalue problem, Det[K(ω0, ω1, ω2)]dyn = 0, can be solved with a commercial package as a polynomial eigenvalue problem. Forward and backward modes rotating in the circumferential direction and the corresponding natural frequencies are determined. The convergence of the numerical results is very fast. Only 15 sine and cosine terms of the three sets of the Fourier series for displacement components is sufficient to achieve accurate results. As a result, savings of CPU time is considerable when compared to FEM analyses by models of couple of thousands d.o.f. in order to achieve the same accuracy. Application of the Rayleigh-Ritz method for vibration analysis of toroidal shell segment with different boundary conditions is rather complicated. Therefore, such a problem can be solved via the finite strip method. 
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10. APPENDIX B: VARIABLE COEFFICIENTS OF THE STRAIN ENERGY DUE TO 
PRE-STRESSING 
 











rc c c c π N
a
r ac π N ( n sin )N
a r
ac π sin N ( n cos )N
r
c π sin N
r ac π N ( n cos )N
a r
ac π nsin N
r
ac π sin cos N
r

















= = = =
⎡ ⎤= + +⎢ ⎥⎣ ⎦
⎡ ⎤= + +⎣ ⎦
=





Nϑ  and Nϕ  are tensional forces due to centrifugal load. 
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11. APPENDIX C: SUBMATRICES OF THE STIFFNESS MATRIX 
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12. APPENDIX D: SUBMATRICES OF THE MASS MATRICES 
 
[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]

















B α r sin k d
B α r k d
B α r cos k d





























[ ] [ ]
[ ] [ ]








21 12 32 23
C 2α r sin k d
C 2α r cos k d













∫  (D2) 
 [ ] [ ] [ ] [ ]
0
0





= = = ∫  (D3) 
 α πρha=  (D4) 
I. Senjanović, N. Alujević, I. Ćatipović, D. Čakmak, N. Vladimir, D-S Cho: Natural vibration analysis of pressurised and rotating 
toroidal shell segment by Rayleigh-Ritz method 
80 ENGINEERING MODELLING 32 (2019) 2-4, 57-81 
13. APPENDIX E: TENSIONAL FORCES DUE TO INTERNAL PRESSURE AND 
CENTRIFUGAL LOAD A rotating toroidal shell under internal pressure p is exposed to the centrifugal load, Figure 1: 






q ρh r sin








The shell deformation is symmetric with respect to the x-axis, i.e. n = 0 and u( , ) U( )ϕ ϑ ϑ= , 
v( , ) V ( ) 0ϕ ϑ ϑ= = , w( , ) W ( )ϕ ϑ ϑ= . Function U( )ϑ  is antisymmetric while W ( )ϑ  is symmetric with respect to the y-z plane, Figure 1. According to Eqs. (7) one can write: 
 { } { }m m m mU( ) g B , W( ) f E .ϑ ϑ= =  (E3) The total energy of the toroidal shell consists of the strain energy, Eq. (2), and the work of the loads q1 and qn, Eqs. (E2): 
 0S qE W ,Π = +  (E4) where 
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Using the principle of minimum total energy yields: 
 












 0 m mδ B E=  (E7) is the vector of the unknown coefficients, Eqs. (E3). According to Eq. (10), one can write for the first term in Eq. (E6): 
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where [ ]K  is the reduced stiffness matrix, Eq. (12), due to reduced vector { }0δ . Relation 












I. Senjanović, N. Alujević, I. Ćatipović, D. Čakmak, N. Vladimir, D-S Cho: Natural vibration analysis of pressurised and rotating 
toroidal shell segment by Rayleigh-Ritz method 
 ENGINEERING MODELLING 32 (2019) 2-4, 57-81 81 
where 
 ( ) ( ) ( )1 2 32 2m m mF 2πa ρh I pI ρh I= +Ω Ω  (E10) and 
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Hence, system of equations (E6) for the determination of the unknown coefficients reads: 
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